A GROUP ACTION ON LOSEV-MANIN 
COHOMOLOGICAL FIELD THEORIES 
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Abstract. We discuss an analog of the Givental group action for the 
space of solutions of the commutativity equation. There are equiva- 
lent formulations in terms of cohomology classes on the Losev-Manin 
compactifications of genus moduli spaces; in terms of linear algebra 
in the space of Laurent series; in terms of differential operators act- 
ing on Gromov-Witten potentials; and in terms of multi-component KP 
tau-functions. The last approach is equivalent to the Losev-Polyubin 
classification that was obtained via dressing transformations technique. 
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1. Introduction 

Frobenius manifolds are among the most important notions in modern 
mathematics and mathematical physics, capturing the universal structure 
hidden behind different notions in enumerative geometry, singularity theory, 
integrable hierarchies, and string theory [3 El E31 ES] • Roughly speaking, a 
Frobenius structure on a manifold is an associative product in every fiber 
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of the tangent bundle, subject to some integrability and homogeneity con- 
ditions. A precise definition involves the celebrated WDVV equation [27[ [6] 
that reflects the topology of the Deligne-Mumford compactification of mod- 
uli space of genus curves and makes the whole theory of Frobenius mani- 
folds so interesting and beautiful. 

There are many different methods developed in the course of study of 
Frobenius manifolds. One of the most promising ones is due to Givental, 
who constructed a group action on the space of Frobenius manifolds I12| . 
It allows, roughly speaking, to transfer known results from some particularly 
simple Frobenius manifolds to the other ones that are in the same orbit of 
the Givental group action. It was used in many different applications; some 
references are HI El El ESI EB] ■ 

Another method that was proposed by Losev [20], [21] is based on the idea 
that a part of the structure of a Frobenius manifold can be reconstructed, 
under certain assumptions, from a simpler structure: namely, a germ of a 
pencil of flat connections. It is used in many works, some recent examples 
being [2"l[71l23[l24|, A precise definition involves the so-called commutativity 
equation that reflects the topology of a different compactification of the 
moduli space of genus curves [55]. This is a sort of linearization of the 
notion of Frobenius manifolds, and at the level of the underlying solutions of 
the commutativity equation many concepts and theorems about Frobenius 
manifolds appear to be much simpler. 

In this paper we discuss an analog of Givental's group action on the 
space of solutions of the commutativity equation. We describe it from the 
point of view of cohomology classes on the Losev-Manin moduli spaces, in 
terms of differential operators on formal matrix Gromov-Witten potential, 
and in terms of a linear algebraic interpretation of the descendant version of 
commutativity equation. We also link it to the Losev-Polyubin classification 
of solutions of the commutativity equation in terms of r-functions of multi- 
component KP hierarchies |14 [ I15[ [T9]. 

We hope that our results also help with further understanding of the 
Givental group action on the space of Frobenius manifolds and shed light 
on some of the ideas behind Givental's theory. 



1.1. The commutativity equation. Let M(t) be a complex analytic 
matrix- valued function in several complex variables t = (t 1 , . . . , t N ). The 
matrices are of size m x m. The commutativity equation on this function 
reads dM A dM = 0. The function M(t) satisfies the commutativity equa- 
tion if and only if the matrices dM/dt l and dM/dt 3 commute at every point 
t for every i and j. In this paper we study the solutions of this equation, 
more precisely, germs of solutions at the origin t = 0. 

Definition 1.1. A germ of solution of the commutativity equation is called 
nonsingular if the map M(t) is a composition of a submersion with an 
immersion (see the figure below). 

In this paper we restrict ourselves to nonsingular solutions. 
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Note that although the space of matrices has dimension m 2 , the image 
of T in it is of dimension at most m. Indeed, the tangent space to this image 
at any given point is composed of mutually commuting matrices. 

Note further that it makes sense to study the solution of the commutativ- 
ity equation directly on T'. Indeed, going from T' to T means just adding 
several coordinates to the parameter space on which the matrix M does not 
depend. Therefore we will usually assume that M is an immersion. 

1.2. Pencils of flat connections. Solutions of the commutativity equation 
can be described in more intrinsic terms. First, the coordinates t , ... ,t 
must be viewed as local coordinates on a base complex manifold T. Indeed, 
the commutativity equation is preserved by any biholomorphic change of 
variables t. Over T we have a trivial vector bundle of rank m with the trivial 
flat connection d. If M is a solution of the commutativity equation, then 
this vector bundle possesses a whole pencil of flat connections depending on 
a parameter z. They are given by 



1.3. The Losev-Manin moduli spaces. In [22J A. Losev and Yu. Manin 
introduced a new compactification of Mo,n+2 denoted by L n . The marked 
points do not play a symmetric role in this compactification: two "white" 
marked points, labeled and oo, are not allowed to coincide with each other 
or with any other marked points; the remaining n > 1 "black" marked points 
can coincide with each other. 

Definition 1.2. A Losev-Manin stable curve is a nodal curve that has the 
form of a chain of spheres composed of one or more spheres; the leftmost 
sphere of the chain contains a white marked point labeled 0, the rightmost 
sphere of the chain contains a white marked point labeled oo; every sphere 
contains at least one black marked point; white points and nodes do not 
coincide with each other or with black marked points, but black marked 
points are allowed to coincide. 

The Losev-Manin space L n is the moduli space of Losev-Manin stable 
curves with n numbered black points. 



The points of a boundary divisor of L n correspond to curves with at least 
one node dividing the set of black points into two parts. Thus the boundary 



V z = d dM. 



z 
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divisors of L n correspond to ordered partitions of the set of black points into 
two non-empty subsets. Every boundary divisor is isomorphic to L p x L q 
with p + q = n. 

1.4. The Losev-Manin cohomo logical field theories. Recall that an 
ordinary cohomological field theory (CohFT) on a vector space V is given by 
a nondegenerate bilinear symmetric form n on V and a collection of maps 
u n : V® n — > H*(Aio in , C) satisfying certain properties. 

Now let V and T be two complex vector spaces. Intuitively, V is associated 
with the white marked points, while T is associated with the black ones. 

Definition 1.3. A Losev-Manin cohomological field theory is a system of 
maps 

a n . T ® n -> H*(L n , C) ® End(F) 

satisfying the following properties, (i) The maps are £ n -equivariant with 
respect to the renumbering of the marked points and a simultaneous permu- 
tation of the factors in T® n . (ii) The restriction of a n to a boundary divisor 
L p x L q C L n is the composition of a p and a q . 

Note that the space End(V) being self-dual, we could have moved the 
tensor factor End(V) to the left-hand side of the map a. But our convention 
is often easier to work with. 

Losev-Manin cohomological field theories arise, in particular, as an ex- 
ample of extension of the Gromov-Witten invariants of Kahler manifolds. 
This construction was developed in [3] in the much more general setting of 
moduli spaces of curves and maps with weighted stability conditions. 

Let oo n : V® n -> H*(M , n ,C) be a CohFT in the usual sense pi]. Define 
P n : V® n -> H*(Mo,n,C)'® End(F) by moving the last two factors V of 
(corresponding to the marked point n + 1 and n + 2) to the right-hand 
side of the map and dualizing the last factor with the bilinear form n. Let 
p n : .Mo,n+2 — > L n be the natural morphisms. 

Proposition 1.4. a n = (p n )*(Pn) is a Losev-Manin CohFT with T = V . 

Proof. The 5 n -equivariance of a n follows from the S^-equivariance of @ n , 
which follows from the 5' n +2-equivariance of 0J n +2- 

The preimage p~ l (L p x L q ) of a boundary divisor equals A4o, p +2 x -Mo.g+2- 
Therefore, by the projection formula, 

«n|L p xL q = \{Pn)*\Pn))\L p xL q = {Pn)* (Pn \m . p +2 XyVfo I<7 +2 ) 
= (Pn)*(/3p ° Pq)) =a p o a q . 

□ 

Note that the other way round there is no simple way to construct a usual 
CohFT starting from a Losev-Manin CohFT. 

1.5. Gromov-Witten potentials. To a Losev-Manin CohFT we can as- 
sign matrix Gromov-Witten potentials in the following way. 

Let (a n ) be a Losev-Manin CohFT with underlying vector spaces V and T. 
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Definition 1.5. We call matrix Gromov-Witten potentials the endomor- 
phisms M a ^(t) £ End(V) given by 

M a , b (t) = Y,-\I a ^ ® • • • ® *) W~ 

n>l 

for a, b = 0, 1, ... . 

M a b is a formal power series in variables t l , the degree n part correspond- 
ing to the contribution of L n . Denote by M a f> t ne End(V)-valued differential 
form dtM a £ on T. 

Proposition 1.6. The matrix potentials M a ^ satisfy the following master 
equations: 

M a+ltb = M a , M 0>b , 

M aM1 = M a , M 0>b , 
M a+ljb + M aM1 = M a>0 M 0jb . 

Proof. The first two equations follow from the expressions of V'o and ipoo 
as sums of boundary divisors. The last equation follows from the equality 
tpo + ^oo = 5, where S is the cohomology class Poincare dual to the boundary 
of L n . □ 

Definition 1.7. The family of matrix Gromov-Witten potentials {M ajb ) a ^> 
is called a tower. 

The matrix Gromov-Witten potentials can be regrouped into a unique 
power series depending on variables qo, qi, ■ ■ ■ € V and po,Pi, • • • S V*. 

Definition 1.8. The full Gromov-Witten potential associated to a Losev- 
Manin CohFT is the power series 

F(p,q,t) = M a , b (t)p a q b , 

a,b>0 

where q = (q ,qi, • • • ) and p = (p ,pi, . . .). 

Let (M 0j 6) be a tower of matrix Gromov-Witten potentials associated 
with a Losev-Manin CohFT. 

Proposition 1.9. M^o *s a solution of the commutativity equations. 

Proof. One of the master equations reads dM\$ = Mq^q oIMq^. Taking a 
differential (with respect to t) we obtain = dMo,o A oIMq$. □ 

Consider the trivial vector bundle VxT->T with a pencil of flat con- 
nections V z = d — Mq^/z. 

Proposition 1.10. 

oo 

J(z)=I + Y,M 0tb z-( b + 1 \ 

6=0 

where I is the identity matrix, is a basis of flat sections of the connec- 
tions V 2 . 
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Proof. V z J(z) = (M ,o " M 0)0 ) Z" 1 + £ (M>,6+i " M), M , 6 ) z-( 6 + 2 ) = E 0, 

b>0 

where the equality ME follows from the first two master equations. □ 

Example 1.11. If dimF = 1, the matrix Mo o automatically commutes 
with its differential Moo- Therefore the equation 



V Z J = <=^ j = -M oJ 

z 

has an explicit solution: J = e M °-°/ z . Thus M 0jfe = M^/(b+ 1)!. It follows 
that 

m M °y +1 

a,fe a! 6! (a + b + iy 

Indeed, the third master equation reads M a ^ = M a _i 5 oM 0i b — M a _i^+i- 
Assuming by induction that the formula for M a; o, M 0) b, and M a ^i,b+i is 
valid, we get 

M a M b+1 M a+b+1 M a+b+1 

M 0,0 iW 0,0 iW 0,0 iW 0,0 



a! (6 + 1)! (a -1)! (6 + 1)! (a + 6+1) a! 6! (a + 6+1)' 

□ 

1.6. Acknowledgements. The authors are grateful to E. Feigin, M. Kazar- 
ian, J. van de Leur, and especially A. Losev for helpful discussions. 



2. The upper triangular group 

Consider a Losev-Manin CohFT (a n ). Before introducing the group ac- 
tion, let us ask the following (presently unmotivated) question: given an 
endomorphism r of V, what are the natural ways to increase the degree 
of each a n by an integer I using r exactly once? The answer is pro- 
vided in the following picture that represents all natural ways to do that. 
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These pictures represent the following composition maps: 

(A) T® n H*(L n ) End(y) ^ (r ° } ■ H*(L n ) End(F), 

( B ) T® n H*(L n ) ® End(y) ^°°® {or) , H*{L n ) ® End(F), 



(C) 



H*(L p ) ® 77* (L 9 ) ® End(F) ® End(F) 



(Gysino(^') i ( s />") i ) ® (°ro) 



77*(L n )®End(F). 



Let us denote these composition maps by ^(r), Bi{r), and C^'"'' 7 ''^(r), 
where 7 U J = {1, . . . , n}. 

Now we can describe first a Lie algebra action and then a Lie group action 
on Losev-Manin cohomological field theories. 

Consider the Lie group G + of formal power series R(z) with values in 
End(V) such that R(0) = id. Its Lie algebra Q+ is composed of formal 
power series r(z) with coefficients in End(V) such that r(0) = 0. 

Let r = £^>i r i zl be an element of Q + . 

Definition 2.1. Define the action of r on a Losev-Manin CohFT by the 
formula 



(r.a) n = J2 Mn) ~ (-l)'B,(r,) + £ (-l)* 1 ^' 1 ^) 



i+j=J-l 
/Uj={l,...,n}, |/|,|J|>1 



Theorem 2.2. The action of Q + is a well-defined Lie algebra action. It 
lifts to a group action of G + that takes every Losev-Manin CohFT to a 
Losev-Manin CohFT. 

Proof. First of all, let us check that we can exponentiate the action of r £ Q + . 
Indeed, as we have already remarked, the action of r\ adds I > 1 to the 



degree of its ingredients. Thus 



[r k .a) 



vanishes for k > dim7 r 



n - 



1. We 



conclude that e r .a is well-defined, since each of its components is the sum 
of a finite number of terms. 

Therefore the action of R € G + can be defined as the exponential of the 
action of r = In R. 

Now we check that the action of Q + is compatible with the Lie algebra 
structure. First of all, note that the action of r on a Losev-Manin CohFT 
is not linear. Indeed, the term C^'^ 1 '^ involves a product of a p and a q . 
Therefore, as we compute the commutator of two actions, we will have to 
apply the first action to ct p (without acting of a q ) then to a q (without 
acting on a p ), then add up the results and compose with the second action. 
We have [riz 1 ,r m z m ] = (rir m — r m ri)z m+l . The action of the right-hand 
side of this equality is represented in the following picture (with the same 
conventions as above): 
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i+j=l+m— 1 

It is also easy to see that the action of the left-hand side is given by the 
same formula, after the cancellation of the terms of the form: 




To understand how the middle term in the previous formula appears when 
we compute the commutator of two actions it is useful to remark that for 
i + j = m + l — 1 we have either i > I or j > m, but not both. And similarly 
either i > m or j > I, but not both. This explains why every pair (i,j) 
appears exactly once with coefficient r;r m and once with coefficient r m r;. 

Finally, we must check that the action of G+ takes a Losev-Manin CohFT 
to a Losev-Manin CohFT. In other words, we need to check that the restric- 
tion of (r.a) n to a boundary divisor L p x L q equals a p x (r.a) q + (r.a) p x a q . 
A simple computation shows that both are actually equal to 




where the summation over I is assumed. 

An explanation is in order as to how the third and the fourth terms 
appear in the restriction of (r.a) n to L p x L q . These terms arise when the 
partition / U J of the n marked points in cK iJ ' / ' J ) is exactly the same as 
in the boundary divisor L p x L q . The self-intersection of this boundary 
divisor equals -(L p x L q ){tf + V>"). Multiplied by this 
gives 

+ W) 1 as shown in the fi gure. The other terms are 
straightforward. □ 

Proposition 2.3. The action of r on the matrix Gromov-Witten potentials 
is given by 



(1) (r.M) a , b = J2 
l>i 
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To formulate the next proposition we choose a basis of V and a dual basis 
of V*. The indices fi and v run over these bases and the summation over 
repeated indices is assumed. 

Proposition 2.4. The action of r on the exponent of the full Gromov- 
Witten potential is given by the differential operator 



(2) f=E 



l>i 



a>0 ra+i,v b>(j Hb+l 



The claims of both propositions follow immediately from the definition of 
the action of r on a Losev-Manin CohFT. 

Example 2.5. Consider the tower of matrix Gromov-Witten potentials 
from Example II. lit 



M a j 



M a+b+l 



a\b\{a + b+ 1)' 

dimy = 1. Every series r acts trivially on this tower. This follows from the 
combinatorial identity: 

1 (-1)' 

(a + 1)1 b\ (a + b + I + 1) a\ (b + l)\ (a + b + I + 1) 

+ a\b\i\j\(a + i + l)(b + j + l) ~ ° 

for any a, b > 0, I > 1. 

Proposition 2.6. The action o/G+ preserves the spectrum of Moo- 
Proof. Since Mo t o is a matrix of differential 1-forms on T, its spectrum is 
also a collection of N differential 1-forms. 

First of all, note that Definition 12.11 and Propositions 12.31 and 12.41 define 
a valid action for r = ro + r±z + . . . even if ro ^ 0. In particular, 

{r .M)a ;b = r Ma :b - M a)b r . 

We claim that dt(r.M)oo is equal to the commutator 
[{{rJz).M)o 0i d>tMo t o\- The assertion of the proposition follows imme- 
diately from this equality. The equality itself is obtained by the following 
computations: 

dt(r.M) ,o = 

J2(nM h0 - {-l) l Mo,m + £ (-l) i+ HMo,inM ii o+M 0ij r l %)) = 

W(-iy +1 Mo,^+ e (-i) i+1 %nM / , ) + 
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J2(nM l>0 + (-l) i+1 M 0!iri M j>0 ) = E 

i>i ^ i+j=i-i ' 

Y / (-M ,oriM ^ 1 +(-l) l - 1 M 0fi M 0yl _ 1 r l )+ ^ (-l) <+1 M ,oMo, i -inM ii ) + 
i>i ^ i+j=i-i ' 

Y J (riM l _ h0 M 0fi -{-l) l - 1 M l _ lfi r l M 0fi + ^ M Q)i n M 5 - 1)Q M ,o) = 

Z>1 ^ i+j=Z-l ' 



»+.?= 



[((r/z).M)o,o,M ,o]. 



□ 



3. The lower triangular group 

Now consider the Lie group G_ of formal power series S(z~ 1 ) with values 
in End(V) such that S = id at 1/z = 0. Its Lie algebra Q- is composed 
of formal power series with coefficients in End(V) such that s = 

at 1/z = 0. This group does not act on Losev-Manin cohomological field 
theories, but only on Gromov-Witten potentials. 

Let s = X)z>i s i z ~ l be an element of Q-. 

Definition 3.1. The action of s on the matrix Gromov-Witten potentials 
is given by 



(s.M)a,, 



E 

i>i 



StMa-ijb - (-l) l M a ^isi + (-l) b S a+b+1 j si 



where by convention a matrix Gromov-Witten potential vanishes if one of 
its indices is negative. 

The action of s on the exponent e F of the full Gromov-Witten potential 
is given by the differential operator 



(3) 



E 

z>i 



d i' 



a>0 



f>>0 



d_ 



i+j=i-i 

It is obvious that both definitions are equivalent. 

Theorem 3.2. Definition \°J.l\ gives a well-defined Lie algebra action of Q- 
on Gromov- Witten potentials. It preserves the master equations and can be 
integrated to a well-defined group action of G-. 

Proof. The action of si decreases the sum of indices a+b of a matrix Gromov- 
Witten potential by I. Therefore only a finite number of actions of s can be 
applied in succession before their contributions to M a ^ become identically 
vanishing. We conclude that the action of e s is well-defined, since we only 
need a finite number of steps to compute (e s .M) a ^ for any given a, b. 
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Let us check that the action is compatible with the Lie bracket. Comput- 
ing the commutator of the operators siz 1 and s m z m we obtain 

[siz l ,s m z m ] = 

y^N) S rn]^Pa+l+m,vW: ( — l) /+m ^[sj, S m ]^ q b+l+m j-7j 

a>0 ° Pa '» b>0 ° q b 

+ ^2 [si,s m ]^Pi,uqj, 

i+j=l+m — 1 

which is indeed the action of [si, s m ]z' +m . 

Now let us check, for instance, that the action of G- preserves the second 
master equation. We have 

(s.M) ajb+1 = [siM a -i,b+i - {-l) l M a , b+1 -i Sl 
i>i 

[sjMo-i.oMo.ft - {-l) l M a ,o( M o,b-i + $b+i,i)si 



i>i 

(s.M) afi M 0>b + M a<0 (s.M) 0tb . 
We leave the analogous computations for the two other master equations 
to the reader. We encourage the reader to compute the commutator of two 
operators r\z l and r m z m from Proposition 12. 41 □ 

Proposition 3.3. Let J(z) = 1+^2 Mo jb z~( b+1 ' . The action ofG- preserves 
Mo.o- The action of s € Q- and of S G G_ on J are given by 

J.s = —J{z) s(—z), 

J.S = J{z) S-\-z). 

Proof. This follows immediately from the definition of the action. □ 

Corollary 3.4. There is a unique S G G_ such that (S.M) ab (Q) = for 
all a, b. 

Proof Take S(z) = J{-z). □ 

4. Group action orbits 

We can sum up the results obtained so far as follows. A Losev-Manin 
CohFT determines a pencil of flat connections and a choice of a flat basis for 
every connection of the pencil. The lower half-group G- acts on the choices 
of the flat basis, but preserves the connections themselves. The action of 
the upper half-group changes both the connections and the flat basis in 
a compatible way. In addition to these two groups, the group Bihol(T, 0) of 
local biholomorphisms of the base T acts by coordinate changes. 

Theorem 4.1. Let (M ab ) be a tower of matrix potentials. Assume that 
dtMo t o is diagonalizable at the origin and its eigenvalues ct±, . . . , ayy ~ linear 
forms in the variables t - are pairwise distinct. Then by a successive appli- 
cation of an element of the lower triangular group S and an element of the 
upper triangular group R one can arrive at a tower of pairwise commuting 
matrix potentials (R.S.M) a f,. 
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Proof. We choose the element S in such a way that (S.M) a b(0) = for all 
a, b (see Corollary 13. 4p . From now on we will assume that the condition 
M a ,b(ty = is satisfied from the start and we are looking for an upper 
triangular group element R such that the matrices (R.M) a j commute. 

Now we are going to prove the following property by induction on I: there 
exists a sequence of matrices n, . . . ,ri £ End(V) such that 

(exp(zVi) . . . exp(zVi).M) ,o = diagonal + 0(t l+2 ). 

This property holds for I = 0, since, by out assumptions, Mo^O) = and 
dtMo,o(0) is diagonal. 

The next two lemmas prepare the step of induction. 

Lemma 4.2. Let (M„j,) be a tower of matrix potentials satisfying the master 
equations of Proposition [7751 the condition M a ^(0) = for all a,b, and the 
condition 

M ,o = diagonal + 0{t l+l ). 

Then 

M a+b+1 

M a>b = 0(t a+b+1 ) and M a>b = °'° - + 0(i a+6+ ' +1 ). 

a! o! (a + o + 1) 

Proof. This is proved by induction on a + 6 by integrating the master equa- 
tions. □ 



Lemma 4.3. Under the assumptions of Lemma \4-%\ the diagonal matrix 
elements of (z l ri.M)ofi « r e 0{t l+2 ), while the off-diagonal matrix elements 
are given by 

(^-a,) i+1 (nW +0 , f!+2 , 



(1 + 1)1 

Proof. Just substitute the expression for M a & from Lemma 14.21 into the 
formula that describes the action of r\ on Moo (Proposition 12. 3| ). □ 

/Step o/ induction. Assume that Moo = diagonal + 0(t' +1 ). Let us study 
the term of order I + 1 in the Taylor expansion of Mo 5 o, that is, the first not 
necessarily diagonal term. Denote this term by X and its matrix elements 
by X^ u . 

Extract the degree I part in the equality dtM$fi A dtM$fi = 0. We get 
(a M — a„) A dX^ v = for all fi, v. Since, by assumption, a M — a u ^ 0, this 
implies that X^^ = x^ipc^ — a v ) 1 for some constant x^ v . 

Now we construct the matrix r\ by setting (ri)^ tV = — (I + l)\x^^ for 
/i / ;/ and choosing the diagonal elements of r\ arbitrarily. According to 
Lemma [4~3| we have (e ri .M)o i o = diagonal + 0(t l+2 ). Indeed, the action of 
r\ kills the off-diagonal elements of Mo^ in degree l + l, while the action of 
the higher powers of ri only involves higher degree terms. 

This prove the step of induction. It remains to note that the product 
. . . e 2 n . . . e 2n determines a well-defined element R of the upper triangular 
group, since every power of z only appears in a finite number of factors. The 
theorem is proved. □ 

Corollary 4.4. Suppose that dimT = dimV. The joint action of the groups 
G + , GL(V), and Bihol(T, 0) is transitive on the space of towers of 
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matrix potentials such that dtM^o is diagonalizable at the origin and its 
eigenvalues span T* . 

Proof. First by an action of GL(V) we diagonalize d(Mo ; o at the origin. 
Then by an action of S € G_ followed by an action of R € G+ we transform 
the tower of matrix potentials into a tower satisfying 



Mo, (0) = 0, M ,o is diagonal, M af) = 



M a+b+l 
1V1 0,0 



a\b\ (a + 6 + 1) 



Finally, by a biholomorphic change of variables t we transform the matrix 
into its linear part (so that its matrix elements are linear forms in the 
variables t). □ 



5. The commutativity equation and the loop space 

In this section we give an interpretation of the commutativity equation 
in terms of linear algebra of the loop space of V (alternatively, it can be 
rewritten in terms of symplectic linear algebra of the loop space of V + V * ) . 
This gives an alternative explanation as to why the loop group of GL(V) 
acts on the solutions of the commutativity equation. 



5.1. A special family of linear maps. In this subsection we give an 
intermediate description in terms of linear algebra of the loop space of V. 
Let V = V®C[[z -1 , z] be the space of F-valued Laurent series of the form 

• • • + Q2(-z)~ 3 + Q*i(-zy 2 + Qoi-^y 1 + qoz + qiz 1 + q 2 z 2 + ..., 

where qi,q* £ V and q-i = for i large enough. Let V+ := ^ ® C[z] and 
V_ ■= V ® z-iCfz -1 ]. 

Any tower of endomorphisms M a ^ : V — > V, a, b = 0, 1, . . . , determines a 
linear map \i : V+ — > V_: 



Kqo + qiz + q2z 2 + ...) = (-*) 1 M 0tiqi j + 

Note that all the sums are actually finite. 

Denote by V M the graph of fx. It is a vector subspace of V transversal to 
V_. Let j : V+ — > be the natural identification and let ir : V — > V- be 
the projection to V- along the graph of Finally introduce the linear map 
if : V+ — > V- given by 

99 = 7T o o j. 
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Now consider (a formal germ of) the trivial vector bundle V x T over 
(T, 0). The endomorphisms M a ^ and the linear maps fx, j, ir, and (p will all 
depend on t G T. 

Lemma 5.1. The following two characterizations of a linear map fx : V+ — * 
V- are equivalent: 

(a) The matrices M a ^ satisfy the master equations of Proposition [7751 ' 

(b) The image of '(f is isomorphic to V and the differential dtfi : V+£5>T — * 
V- factorizes through the map ip % id. 

It is important to note that condition (b) depends solely on the graph 
of fx and its formulation involves only the vector space structure of V and 
the operator of multiplication by z . Thus the loop group of GL(V), that 
is, the group of matrices G(z) G End( V) tg) (C) [[z^ 1 , z] , which preserves both 
these structures, acts on the solutions of the commutativity equation. 



Proof of Lemma I5.il Let 



Q = Q 

\i=0 



?0 



iQi+l- 



i>0 



This is a surjective linear map from V+ onto V. 

Let us write out the maps (p and fx in coordinates. We have 



ME- 



vi=0 



• • • + ^ M M 5iJ z" 

+ 91 + <?2£ + • • • 



ii b 2 + <?o^ 1 



vi=0 



The components of the decomposition of this vector along the graph of fx 
and along V_ are, respectively, 



vi=0 



• • • - A*2,i5i+i ) + ( X Mi^+a 

\i=0 

+ qi + + • • • 

and 

/ oo > 



iQi+l z 



vi=0 



. . . + M lj0 g + X](M 2 ,i + Mi )i+ i)g i+1 



vi=0 



i=0 



- Af 0)0 gd + £(-Mi,< + M , i+1 )% + i j 2 2 + U + £ M o,i%+ 



1 2 



i=0 



i=0 
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If the endomorphisms satisfy the master equations, then the latter ex- 
pression is transformed into 

. . . + M 1)0 Qz- 3 - M , Qz~ 2 + Qz' 1 . 

Thus tp (YliZo Qi zl ) depends only on Q, i.e., the image of tp is isomorphic 
to V . Conversely, since 

<p(Qo) = • • • + M lt0 q z~ 3 - M 0fi q z~ 2 + qoz' 1 , 

if we want the image of (p to be isomorphic to V we must have 

= . . . + M lfi Qz~ 3 - M 0fi Qz' 2 + Qz~\ 





This implies the master equations 

M a+1 , b + M a>b+1 = M a>0 M 0;b . 
The map fx is given by 

(oo \ / oo \ / oo \ 

i=0 / \i=0 J \i=0 J 

If the endomorphisms M a ^ satisfy the master equations, this is trans- 
formed into 

... - M 2fi Qz~ 3 + Mi, Qz~ 2 - MoflQz' 1 . 

Thus it depends only on Q and therefore factorizes through ip. Conversely, 
since 

KQo) = ■■■ ~ M 2 flq z~ 3 + M lfi q z~ 2 - MopqoZ' 1 , 
if we want the map fx to factorize through <p we must have 

fi ^ ffi^J = . . . - M 2 , Qz- 3 + MxfiQz- 2 - MofiQz- 1 . 

This implies the master equations M a ^ + \ = M a fiMo ; b- 

The last master equation M a+ \^ = Af o-Mo & follows from the other two. 

□ 

5.2. Symplectic framework. The symplectic framework for the linear al- 
gebraic description of the master equations is important, because it allows 
one to obtain the formulas for the f-action (Equation (J2J) in Proposition [23]) 
and the s-action (Equation (j3J) in Definition 13. ip as the result of the Weyl 
quantization of quadratic hamiltonians. 

In order to put the description given above into a setup suitable for 
quantization, we have to double the loop space of V. Namely, consider 
V : = (y ®V*) <g> C[[z-\z}. Let Q(J,g) := § (f(-z),g(z))dz, where (•,•) is 
the standard pairing of vectors and covectors in V © V* . 

There is a natural action of the loop group of GL(V) on V. This is the 
maximal group that preserves the operator of multiplication by z and the 
splitting of V into the direct sum of V <g> C[[2r _1 , z] and V* (g> C[[z -1 , z\. The 
action is completely determined by its restriction to V (8> C[[z _ , z], where 
we have the same action as in the previous section. 
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V is naturally identified with T*V+, where V + = (V © V*) <8> C[z]. We 
view a full Gromov-Witten potential F(p, q,t) = £ M a> b(t)p a qb as a function 
on V+ depending on an extra set of parameters t £ T. Introduce the maps 

[i : V®C[z] -> V0z- 1 C[[z- 1 ]] 
Eft* 6 ~ Ei-zy^M^qb, 

a,b 

and 

/i* : V*®C[z] -» V^z^CH 

£Pa^ >-> £(-z)- 6 -W\4, fe . 

a, ft 

(The map /i is the same as in the previous section.) Then the graph of dF is 
a Lagrangian subspace of V that is equal to V M ffi V* M * , where V M and V* M * are 
the graphs of \i and [i* . Note that V* M * is also unambiguously reconstructed 
from the condition that © V* M * is Lagrangian and, conversely, is the 
intersection of the graph of dF with V © C[[z _1 , z]. 

Thus a power series F(p,q,t) = £ M a ^{t)p a qb satisfies the master equa- 
tions of Proposition 11.61 if and only if the intersection of the graph of dF 
with V © C[[z _1 ,z] satisfies condition (b) of Lemma 15.11 This condition is 
preserved by the loop group action. 

Let us define the Weyl quantization of a quadratic function on V. Let 
(e„) be a basis of V and (e^) the dual basis of V"*. An element of V can be 
written in coordinates as 

a>0 a>0 ft>0 a>0 

Thus we have Q = £ {dpa,^ A dq% + dq~a A dp a ^). The Weyl quantization 

a>0 

is then defined by the correspondence: 

d „ 5 

together with the convention that the derivation operators are always placed 
to the right of the multiplication operators. 

Now we can describe a way to obtain formulas for f-action (Equation ([2]) 
in Proposition I2.4p and s-action (Equation ([3]) in Definition I3.1|) on the 
exponent of the full Gromov-Witten potential exp F(p, q, t). First, we 
consider the symplectic action of exp(s) and exp(r), s = YlbLi s i z ~ l anc ^ 
r = YliLi r l z i s u r i £ End(V), i = 1,2,.... We obtain exponents of linear 
Hamiltonian vector fields. The corresponding Hamiltonians, H s and H r are 
quadratic and can be quantized according to the above conventions. The 
quantized Hamiltonians, H s and H r are differential operators of the first 
and second order respectively. 

Theorem 5.2. The action of H s and H r on the exponent of the full Gromov- 
Witten potential F(p,q,t) is given by the formulas f-action (Equation ([2]) 
in Proposition \2.4\ ) and 's-action (Equation ([3]) in Definition \3.1\) . 



Proof. These formulas are obtained by a straightforward computation in the 
same way as it was done in |17j . □ 
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Remark 5.3. It is a general property of the Weyl quantization that the 
action of exp(s) and exp(r) on the graph of dF coincides with the action of 
exp(H s ) and ex.p(H r ) on expF(p, q, t). 

Remark 5.4. Unfortunately, there is no non-trivial higher genera theory 
for the commutativity equation. The only possible extension is to genus 1, 
where we can consider an extra function that depends only on t. But since 
there are no new relations coming from the geometry of the moduli space of 
genus 1 curves with only black marked points, the theory is empty there. 

6. A LINK TO THE LOSEV-POLYUBIN ACTION 

In this section we have two goals. First, we recall a construction of the 
group action on solutions of commutativity equations due to Losev and 
Polyubin [24 J (or rather we give our own interpretation of their construction 
with a new proof). Second, we prove a relation between the action that we 
develop in this paper and the Losev-Polyubin construction. This is a direct 
analog of the relation between the group actions constructed by van de Leur 
and Givental |10j . 

In this section we always assume that the number of i-variables coincides 
with the size of matrices (dimV = dimT). Unfortunately, we have to use 
certain standard definitions and basic theorems from the theory of multi- 
component KP hierarchies without prior explanation. We refer to [15] 
for all preliminary material, in particular, we use the same notation as in 
these papers. 

6.1. Interpretation of the Losev-Polyubin action. Losev and Polyubin 
associated in [24] a solution of the commutativity equation to an arbitrary 
invertible matrix formal power series A(z) = Aq + zAi + z 2 A2 + . . . . Their 
construction has a nice interpretation in terms of wave functions of multi- 
component KP hierarchies. Moreover, while Losev and Polyubin give a 
formula only for dMooj we can extend it in a natural way to the whole 
tower of descendant matrices M a ^, a, b > 0. 

Let V ± (0,x,z) be the wave functions of multi-component KP hierarchies 
corresponding to the vector A(z)|0) (see the definition in |19[ 111)]). It is 
quite natural to consider the wave functions twisted by A{z). We introduce 
the notation 

¥ + (i,z) := V+(0,x, z)A{z)\ Xl=t , x > 2 =o; 
*~(t,z) := A~ 1 (z)V~(0, x, z)|xi=t,x> 2 =o> 
We list the main properties of the matrices \E ,=t (t, z): 

PI: ^(M) is a matrix-valued formal power series in variables z and 

t=(t\...,t N ). 
P2: y-(jb,-z)V + (t,z) = id. 
P3: The series *& + (t,z) satisfies the equation 

^ + (t, z) = (zE kk + W k )*+(t, z). 

Here E kk is the matrix with a 1 on the fc-th diagonal entry and 
zeroes elsewhere, while W k = Wk(t) is some matrix that doesn't 
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depend on z. (In fact, W k has a precise expression in terms of multi- 
component KP tau-functions corresponding to A(z), but we don't 
need it.) 

P4: ^>~{t,z) satisfies the equation 
d 

Q^V~{t, z) = -V~{t, z){zE kk + W k ). 

We will now forget about the multi-component KP origin of the matrices 
\f ,± (t, z) and use the properties P1-P3 as axioms (P4 follows from P2 and 
P3). 

One more piece of notation: 

\Zr+(t, z) = ^+ + ztt+ + z 2 <£+ + . . . ; 
■$-(t, z) = % + z^ + z 2 ^ 2 + .... 
Theorem 6.1. (A generalization of Losev-Polyubin) The matrices 
M a , b := (-l) 6 *- +6+1 *+ + (-l) 6 -^ a - + ^+ + • • • + 

satisfy the master equations of Proposition \1.6[ that is, M a+ \^ + M a>b+ i = 
M a , M 0jb , dM a+ljb = M afi dM 0tb , and dM a>b+1 = dM afi M 0)b . 

In particular, M , = % *1 = *l~*0 > M a,0 = K+l^o > M 0,b = *o *6+r 
The original statement of Losev and Polyubin is equivalent to the following 
explicit formula for dMo,o- 

Proposition 6.2. We have dM 0fi = diag^i 1 , . . . , dt n )$?Q . 

Proof of Theorem \6.1\ and Proposition \6.Sl In order to prove the theorem 
it is enough to show that M a +i,b + M a>b +i = M a> oMo >b and dM^b+i = 
dMo,oM ,6. 

First, observe that P2 implies that Mqj, = ^ b+ i- This means that 

M aj0 M , 6 is equal to *^.i*o*o*ti = *a+l*&+i ( we a PP!y P2 again). 
On the other hand, in the expression for the sum M a +l 6 + M ab +x an terms 
are cancelled except for ^a+i^t+v 

P3 and P4 then imply that -^-Mo jb is equal to 

(*o *6 + +i) = -*oW k *+.i + %E kk *+ + % W k *+ +1 = %E kk V+. 

The proposition is proved by substituting b = in the last equality. 
Finally, we apply P2 once again and we obtain 

— M 0ife+1 = * - E kk *+ +1 = *aE kk *+%*+ +1 = { JL-ll *-V+. v 

which is equal to Mo,&. □ 

Remark 6.3. Using the approach from the commutativity equation side it 
is easier to explain the result of van de Leur [19] than it is done in the original 
paper. He constructs a solution of the WDVV equation starting from A(z) |0) 
with A{—z) t A{z) = id and passing through the Darboux-Egoroff system of 
equations in canonical coordinates. 

Instead one can observe that if A{— z) l A(z) = id, then ty~(z) = *I ,+ (— zy, 
and the matrix Mqq happens to be symmetric. One can classify all possible 
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changes of variables such that Mq q turns into the matrix of second deriva- 
tives of some function [7j. This function is then a solution of the WDVV 
equation. One of the simplest changes of variables is (t\ ew , . . . , t^ ev} ) = 
(1, . . . , l)Mo ) o, and it is exactly the change of variables that van de Leur is 
applying in [19J. 

6.2. Lie algebra action. In the extension of the Losev-Polyubin construc- 
tion discussed above we have = ^f(A(z)) and M a ^ = M a ^(A(z)). 
That is, the system of matrices depends on the choice of an invertible 
matrix- valued formal power series A(z) = Aq + A\z + A2Z 2 + . . . . Let 
r(z) = r\z + V2Z 2 + . . . be an arbitrary formal power series of matrices. We 
introduce the notation for the derivatives 



d 

r(z).M a , b (A{z)) := — M a , 6 (A{z) exp(er(z))) 



e=0 



r(z).*f(A(z)) :-. 



^>f(A{z) exp(er(z))) 



a,b > 0; 
i > 0. 



e=0 



The formula for r(z).SHTu is computed in [10]: 



i— j i+k' 



i=l j=0 

It allows to compute explicitly all expressions for r(z).M a ^. 

Theorem 6.4. The formulas for the Lie algebra action r(z).M a ^ in Losev- 
Polyubin framework coincide with ^ up to a change of sign. 

Proof. Since all matrices M j are polynomial expressions in Mob, h is 
enough to prove the theorem for M ^ = \Pq v Using P2, we have: 



(n/). = -% (W). («+)) + 

Using P2 again we can rewrite the formula for (r£Z ). (^0") as 



Vtz 



Therefore, 



i=0 



+%*t +b+ in ~ Eli Ej=o(-l)""^^o * 3 + ^-h^i 

m 0j6+ ^ - Eio ^(-1)^*5" *;^^- i * l + +6+ i 

m 0>6+ ^ + Ei= 1 (-i) / " i_1 M)j-i^M / _ ii6 + (-l^-V^. 



The last expression coincides with ([T]) up to multiplication by (—1) 1 ■ □ 



20 sergey shadrin and dimitri zvonkine 

References 

[1] B. Bakalov, T. Milanov, VKjv+i-constraints for singularities of type An, arXiv: 
0811.1965. 

[2] S. Barannikov, Non-commutative periods and mirror symmetry in higher dimensions, 
Commun. Math. Phys. 228 (2002), no. 2, 281-325. 

[3] A. Bayer, Yu. Manin, Stability Conditions, Wall- Crossing and Weighted GromovWit- 
ten Invariants, Mosc. Math. J. 9 (2009), no. 1, 3-32. 

[4] A.Chiodo, D.Zvonkine, Twisted Gromov-Witten r-spin potential and Givental's quan- 
tization, II arXiv:071 1.03391 

[5] T. Coates, Y. Ruan, Quantum Cohomology and Crepant Resolutions: A Conjecture, 
larXiv:0710.5901l 

[6] R. Dijkgraaf, E. Verlinde, H. Verlinde, Topological strings in d < 1. Nuclear Phys. 

B 352 (1991), no. 1, 59-86. 
[7] B. Dubrovin, Geometry of 2D topological field theories. Integrable systems and quan- 
tum groups (Montecatini Terme, 1993), 120-348, Lecture Notes in Math., 1620, 

Springer, Berlin, 1996. 
[8] B. Dubrovin, Y. Zhang, Normal forms of hierarchies of integrable PDEs, Frobenius 

manifolds and Gromov-Witten invariants, arXiv:math/0108160 
[9] C. Faber, S. Shadrin, D. Zvonkine, Tautological relations and the r-spin Witten 

conjecture, |arXiv:m ath/0612 510| 
[10] E. Feigin, J. van de Leur, S. Shadrin, Givental symmetries of Frobenius manifolds 

and multi-component KP tau-functions, arXiv:0905.0795 
[11] A. Givental, Gromov-Witten invariants and quantization of quadratic hamiltonians, 

in "Frobenius manifolds", 91-112, Aspects Math., E36, Vieweg, Wiesbaden, 2004. 
[12] A. Givental, Symplectic geometry of Frobenius structures, Mosc. Math. J. 1 (2001), 

no. 4, 551-568. 

[13] C. Hertling, Frobenius manifolds and moduli spaces for singularities. Cambridge 
Tracts in Mathematics 151, Cambridge, Cambridge University Press, 2002. 

[14] V. G. Kac, J. W. van de Leur, The n-component KP hierarchy and representation the- 
ory, in "Important developments in soliton theory", 302-343, Springer Ser. Nonlinear 
Dynam., Springer, Berlin, 1993. 

[15] V. G. Kac, J. W. van de Leur, The n-component KP hierarchy and representation 
theory, J. Math. Phys. 44 (2003), no. 8, 3245-3293. 

[16] M. Kontsevich, Y. Manin, Gromov-Witten classes, quantum cohomology, and enu- 
merative geometry, Comm. Math. Phys. 164 (1994), no. 3, 525-562. 

[17] Y.-P. Lee, Invariance of tautological equations I: conjectures and applications, J. Eur. 
Math. Soc. (JEMS) 10 (2008), no. 2, 399-413. 

[18] Y.-P. Lee, Invariance of tautological equations II: Gromov-Witten theory (with Ap- 
pendix A by Y. Iwao and Y.-P. Lee), J. Amer. Math. Soc. 22 (2009), no. 2, 331-352. 

[19] J. van de Leur, Twisted GL n loop group orbit and solutions of the WDVV equations, 
Internat. Math. Res. Notices 2001, no. 11, 551-573. 

[20] A.Losev, On "Hodge" topological strings at genus zero, JETP Lett. 65 (1997), no. 5, 
386-392. 

[21] A. Losev, Hodge strings and elements of K. Saito's theory of primitive form, in 
"Topological field theory, primitive forms and related topics", Prog. Math. 160, 305- 
335, Boston, Birkhauser, 1998. 

[22] A. Losev, Y. Manin, New moduli spaces of pointed curves and pencils of flat connec- 
tions, Mich. Math. J. 48 (2000), Spec. Vol., 443-472. 

[23] A. Losev, I. Polyubin, Commutativity equations and dressing transformations, JETP 
Lett. 77 (2003), no. 2, 53-57. 

[24] A. Losev, I. Polyubin, On compatibility of tensor products on solutions to commuta- 
tivity and WDVV equations, JETP Lett. 73 (2001), no. 2, 53-58. 

[25] Yu. I. Manin, Frobenius manifolds, quantum cohomology, and moduli spaces, Ameri- 
can Mathematical Society Colloquium Publications, vol. 47, American Mathematical 
Society, Providence, RI, 1999. 



GROUP ACTION ON LOSEV-MANIN COHFT'S 



21 



[26] S. Shadrin, BCOV theory via Givental group action on cohomological field theories, 

Mosc. Math. J. 9 (2009), no. 2, 411-429. 
[27] E. Witten, On the structure of the topological phase of two-dimensional gravity, 

Nuclear Phys. B 340 (1990), no. 2-3, 281-332. 

Sergey Shadrin: 

Korteweg-de Vries Instituut voor Wiskunde, Universiteit van Amsterdam, 
P. O. Box 94248, 1090 GE Amsterdam, The Netherlands 

AND 

Department of Mathematics, Institute of System Research, 
Nakhimovsky prospekt 36-1, Moscow 117218, Russia 
E-mail address: s.shadrin@uva.nl, shadrin@mccme.ru 

Dimitri Zvonkine: 
Institut mathematique de Jussieu, Universite Paris VI, 
175, rue du Chevaleret, 75013 Paris, France 

AND 

Stanford University Department of Mathematics Building 380, Sloan Hall 
Stanford, California 94305, USA 

E-mail address: zvonkine@math.jussieu.fr 



